
Coriolanus Let d bea finite Bord measure on Rd.

(1) Let A 4-Rd be Borel measurable .
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① t.motis.in#:ite::aII
holds for d-a
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⑦ Let f : Rd-31121-0%001 be locally integrable
w. r. t . d. ( Thetis : Vivir. SFI,out, Eos)
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Then for d- a
.
.a. A E Rd :

⑦

trFo¥mT;f×mtGlddW=f
Proof of the corollary Firstweprove thot

⇒ H . Namely, left?¥¥"thgEa;Now we prove 121 . W
.

l
. 9. We may assume that

fzo . Let feta) : =affixoldCN. Clearly
peed .

Moreover
,
it follows from post

of the previous theorem that
③ SB DCM, d. Nddcx, Epe(B1=§f-Hold1×1,



for any Bord set B -Rd. Finem the mod 0

Uniquenessof the Redon -Nikodym denimtie:
it follows from ③ that DCpe,dry=fey for
f-a. .a . N EIRD

. This completes the proofof
.

Corollary of the second partof the corollary
et il be a finite Bowl measure as in the Gallery
aboveand let f : IRd→ IR be e lo-colly d- integrable
function .

Then

④
tiny f¥- fatoldcasko .

Blam

Remark
IftLd then the same proof butusing
Vitali covering them forSeb . measure insteadof
Vitali covering them for Booton measures
yields e

'

stronger statement .. Letf be bcollg
Ld- integrable .

Then

fifty seep{ Stevo
,

#BottonLag,

⇐ - text : Boing 4%9Tito⇐B) --o.



Really .. We say that the Radon measures
X & pie are singular Ktm)ifFA4p.
NAI --O & pullRdlAko.

. ¥zRdThe following them is e NAkophA4composition Radon -Nikdgm
thin & Leb . decomposition theorem

.

Theorem Let him be finite Rardon measures
on IRD. Then there exists o- Bord function
f- and a Radon measure V s . t.

XIV
,

⑦ petB) ={foldthB),
(3) peekd⇒ F- o

.

Boot Let A :={a c- IRD: Ilm, d ,x) soo}. Let

µ : =MA & V: =third,A .
Recall that we have proven above the following :
let pe bea finite Bord measure on IRD& let HalRd

then finn mpf9p¥%nt fora - e . ⇐ x
.



We prove thot peeked . We knowthot FEA. Alper, d. Ham.
This implies that Mead . Namely

,

Hii::i:¥aii:i:
ecmkx.io#iniix-Onthe other hand

, for all x. c- AEIRDIAwe have
by definition Ide,Xix) -00.

.

We know as mentioned above : µ - a. a. x EKKAt÷%Y"i÷÷÷d"€.
For on A C- fl:

I 00¥: I:si÷ei¥ni:ii::i÷÷%i÷÷ .
TEEi¥¥p* limmfmmn.tt

¥-30,43422If Pto then ^

DID, d.x) -_ 00 for p- o. . e. A C- A ? HCAC

He { x C- Ac : Ddr,d,xg=ooy MAc*t
HEH D- Lr

,dixlzt .¥ NH) > t . ACH ft

au ⇒
.



DensityTheoremsfor Hausdorff& Packingmeasures

Definition Let O Esco ,
A-Rd
,
a c-A

.

The

upper & lower S-densities of
A at ou are

If oTYA.af-otdA.atofIA
,a) : =fino¥p RYANBlair) then thisMammon

value is called
a'Eat limos thanBairdstand.%mmq;
we denote it by op la,a) .

ofAat a &

The following theorem resembles to the Leb .densitytheorem .

Theorem Let Ac Rd with thatsoo . Then
I's OT

'

IA
, a) El for fl

'
- a. a. x c-Hd

② If Ac Ird is fl
'
-measurable then ottacoy --o

for fl
'
- a. a

.

x c- IRMA .

Corollary Let A
,
Bird be fl

'
- measurable

.with

BCA & H'IAKoo . Then for fl
'
- a. a . A E B

OT
'

CB
, x) -I

'

CA
, a) & od

'
CBad PCA

,a).

Proof of the corollary We apply pom for the set AIB .
Remark There exists card compact with III.I ad

.



Proof of theTheorem The proofof the first
inequalityof Cll:

B-- { KEA : IYA, a)sis}
.

Then B Bea
,

where

BEEEAEA : WIAA BH.rlkhzirsforosrstz.h-tih.io.}
I

,t
-is enough to prove

.

that HYBpf=o
.

To see this fix ah andlet t -- ftp.andeao
.

We can finda th -cover EEL of Bast.
⑦

BE .YEi,lEikth ,BernEit0iE.l.El7tl7BedtE@Foreoemiiktxi.e
Beane,

and ri - teil
.

Then C¥¥IED

semi::i÷÷h÷nii÷i÷i÷÷
- t.is/EiPst(NslBhItE) since Baca

bg④a
' &nb%5÷n

Now we let su and get H'lBh) 't.tl?lBa)Notet#tEEfJl7Bakdoo
.

this is -possible only ifN%Bp⇒



This implies thot N
'
CB1=0

.

Thotis the proofof
the left hand-side inequality in is completed

.

Now we verify the right hand- side inequality
inHl . Using that Jes is Borel regular
( Theorem A from Covering TheoremsI. pdf . )
now we buoy assume that Aisa Borel set.
Let t > 1

,
B :⇒④ c- A : OT

'

CA
, x) > th. It is enough

to show that *H4B
Let E, or> o . We know that Vista is- Radom
measure ( Theorem A from Covering TheoremsI. pdf).
Hence we can choose an open set U S. t

Bc U & RYAN UK JdcBITE
For V x c- B F arbitrarily small oar <Est.Ituano::::h¥÷:÷
satisfies the assumptionsof the Vitaly covering
Them for Radon measures ( H'la is a Radon
Hence 3 a disjoint {Bil

.
B s

. f.
measure).

H'l B - YBi) =O .



N'CBHE > N'LA AU)z? RYANBily tf Bol
'

p
IBisdisj . defofB

Ftse:c: i.retain:kgea÷7
Namely

, pgmaa-WBY.Bit-supfefcag.B.TL-
H'olB) EH:(Bl !Bitted:(BAY. Bi)
\ in fact seol . ) is-

seen

i:n"÷:÷:;÷.÷
So

, we got jetBITE > t.HN .

Here we let Edo and then o-so to get that
R'CBIZT N'431 . Using that t >e we get thot
H'CBKO

..
Since 't > I was arbitrary this is

the proof of the right hand-side inequality
of .
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Now we prove past of the theorem A?=IRdlA
Let t> o . B:={ KEA ' : Aalst) . We needto

prove that je7B④.

Lets>o
. We know

thou-sehoEuEiE¥:¥
Bell & H'CA⇒ Isolate

Foxe Oso
.

Radom Mee -

✓KEB
,
I oarcxkf-os.la. **h*

(seed
Bcx.mx/IFDUhiBtllAABcxircxyst(z.rcxT
Now we use the 5T- covering theorem .

Ityields
that I ×

, ,xy ...EB S.t.

• Bi : = Bcxi , Hail) are pairwise disjoint
• FBI cover B. Thot is Bc ¥5Bi . Then

Y

tsefBK-t.E.15Bif.tt?lBiPE5gN4AnBi1
s *

-MI5' HCA nu)E5?E Hence
:

tk}cBK5's for
all of> o

,
s soThat is t - N'LBK 5's for olle > o .

Hence feelBto
.



Regular & irregular points& sets
EclRd is termed an s-set (OE sEd) if E is te

'
-

measurable& o c je
'

CE) Coo.

Let a c- E .

We soy x is a regular pointofE if

D-
'Eal =D

'

CE
, a1=1. We say thatan s - set Eid

is regular if H
'
- a. a . K E E is regular. We

soy thot an S
- set F- 4Rdis irregular it

off- a. a . A E E is irregular.

Corollary of the Corollaryabove

Let F- = UgEj , Ej is an
S-setforollj & Eis an S-set.

They for every j

d
'Ef
,
x) =oftix) & I

'
CE
j, at

OT
'

CEAl
; R

?
a.a

.xeEj .

This implies

Corollary of the corollary of the Corollary

(et E alRd be an S- set. If E is regular

respectively, irregular then anymeasurable
subsetofpositive measure is regular
respectively irregular.
Theorem An s -set E4Rdis irregular unless SEN.



A- Theorem of dlottihe
.

Let KEIR
,
Eef G- unitvector on BY, OsxEl

,
no

Xla.r.E.at-fyc.IR?tsin4lE,y-xHsx3nBcxir1.

§ix*7¥Ehi7s¥oa÷÷
..

then F a constant
⇐ secs,g> o screech that

For
every Eclpiheithflcekoo

forth
'
- a. a. AEE We hone

jlsfenxlxir.IN/zelinfs.gpeizts.-erp.


